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Abstract 

We argue that the BRST and the anti-BRST super symmetries in the four- 
dimensional Yang-Mills theory can be spontaneously broken in a nonlinear partial 
gauge due to ghost-anti-ghost condensation. However, we show that the spontaneous 
BRST symmetry breaking can be avoided if we adopt the modified Maximal Abelian 
gauge which is an orthosymplectic 0Sp{A\2) invariant renormalizable gauge proposed 
by the author to derive quark confinement. We compare the Maximal Abelian gauge 
with the conventional OS'p(4|2) invariant gauge proposed by Delbourgo-Jarvis and 
Baulieu-Thierry-Mieg. Finally, an implication to the Gribov problem is briefly men- 
tioned. 
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1 Introduction 



In modern particle physics, all the fundamental forces are considered to be mediated 
by the corresponding gauge bosons. The gauge boson is described by the gauge the- 
ory which is characterized by its invariance under the gauge transformation of the 
fundamental fields. The gauge invariance is a guiding principle to determine the form 
of the interaction between gauge fields and matter fields through the minimal cou- 
pling. In quantizing the gauge theory, however, we need to fix (or reduce) the gauge 
degrees of freedom, i.e., the redundant degrees of freedom associated with the gauge 
transformation. After the prescription of gauge fixing, the gauge theory no longer has 
the gauge symmetry. Nevertheless, it has been discovered that the gauge theory after 
the gauge fixing possesses a kind of global supersymmetry called the Becchi-Rouet- 
Stora-Tyutin (BRST) symmetry which plays the fundamental role in the gauge 
theory. In fact, all the Ward-Takahashi and Slavnov- Taylor identities associated with 
the local gauge symmetry are derived from the global BRST supersymmetry. 

The BRST symmetry is a continuous global symmetry, while the gauge symme- 
try is a continuous local symmetry. For the Yang-Mills gauge theory, the BRST 
transformation is given by 

SbK{x) = ^^\s^\€{x) := a^^(x) + g{s^^{x) x ^(a;)), (la) 

5b^(x) = -\g{^{x) X ^(x)), (lb) 

<5s^(x) = i^(x), (Ic) 
8bSS[x) = 0, (Id) 

whereQ^^,^,^ and ^ are the gauge field, Nakanishi-Lautrap (NL) auxiliary field, 
Faddeev-Popov (FP) ghost and anti-ghost fields respectively. It is important to 
notice that the ghost field ^ and the anti-ghost field are Hermitian fields which 
are mutually independent, i.e., ^'''(x) = '^{x), '^^{x) = '^{x). (Note that ^ is 
neither the complex conjugate of nor the Hermitian conjugate of ^). By 
this assignment, the total Lagrangian of the Yang- Mills theory with the gauge fixing 
(GF) and FP ghost term becomes hermitian. As suggested from the observation that 
the role of ^ and is asymmetric in the BRST transformation, there is another 
BRST transformation, say anti-BRST transformation [Q]), given by 

MA^) = %W]'rf{x) := a^^(x) + (7(=<(x) x ^(x)), (2a) 

Ss^{x) = -^<7(^(x) X ^(x)), (2b) 

Se'^ix) = i^{x), (2c) 
ds^ix) = 0, (2d) 



^We use the following notation: 

F-G:=F^G^, F^:=F-F, {F x G)^ := f^""^ F^G^ , 
where f^^'" are the structure constants of the Lie algebra ^ of the gauge group G. 
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where ^ is defined by 

(^{x) = -^{x) + igC^ix) X ^(x)). (3) 

It is well known that the manifest covariant formulation of the gauge theory needs 
an indefinite inner product space Y. The BRST symmetry plays the crucial role 
to single out the physical state space l^hys with positive semi-definite metric as a 
subspace of In fact, it has been shown by Kugo and Ojima P that the physical 
state is invariant under the BRST transformation, in other words, the physical state 
is characterized by the generator Qb of the BRST transformation (i.e., the BRST 
charge Qb) 

Qfilphys) = 0, (4) 

where SbO = [iQBi 0]±- Similarly to (|^), the following condition is also imposed: 

Qfilphys) = 0, (5) 

without any inconsistency and without any change in the physical contents of the 
theory. Moreover, an additional condition for the ghost number operator can be 
imposed: 

gdphys) = 0. (6) 
The generators Qb,Qb,Qc form the BRST algebra 0]: 
i[QB,Qc] = -Qb, i[QB,Qc]=QB, 

{Qb,Qb} = 0, {Qb,Qb} = 0, {Qb,Qb} = 0. (7) 

This relation implies that Qb{Qb) generates the translation 6 ^ 6 + X{6 6 + X) 
and Qc the dilatation 6 e^O with 6 and A being the real elements of the Grassmann 
algebra and p a real number The BRST symmetry is a supersymmetry in the 
sense that the BRST transformation changes the commuting variable into the anti- 
commuting one and vice versa. 

In the paper 0, however, Fujikawa emphasized that the BRST supersymmetry in 
non-Abelian gauge theories is not what it to be imposed on the theory but rather what 
is to be proved. The spontaneous breakdown of the BRST symmetry is demonstrated 
by a non-gauge model and it is examined also in non-Abelian gauge theories. It is 
pointed out that the dynamical stability of BRST supersymmetry is closely related 
to the so-called Gribov problem for the Lorentz type gauge df^s^^^ = 0. 

In this paper, we discuss the spontaneous BRST supersymmetry breaking in the 
Yang-Mills theory with the GF plus FP ghost term J^gf+fp which has the charac- 
teristic features enumerated below. In particular, we discuss the Delbourgo-Jarvis- 
Baulieu-Thierry-Mieg (DJBT) gauge |^,|^ and the modified Maximally Abelian (MA) 
gauge [0. Both gauge satisfy the following properties: 

1. ^GF+FP is BRST invariant, i.e., Sb-^gf+fp = 0, due to nilpotency of the 
BRST transformation 6% = 0. 
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2. ^GF+FP is anti-BRST invariant, i.e., 5b^gf+fp = 0, due to nilpotency of the 
anti-BRST transformation = 0. 

3. J^GF+FP is invariant under the OSp{4\2) rotation among the component fields in 
the supermultiplet (^,'^,^) defined on the superspace {x^,6,6). The hidden 
supersymmetry causes the dimensional reduction in the sense of Parisi-Sourlas. 
Then the 4-dimensional GF+FP sector reduces to the 2-dimensional nonlinear 
sigma model. See ref. for more details. 



4. ^GF+FP is invariant under the FP ghost conjugation. 



_^ j^c^A^ c^A _^ ^c^A^ g^A _^ _^A ^ ^A _^ _^A ^ ^^A _^ ^A^ 



Therefore, ^ and ^ can be treated on equal footing. In other words, the theory 
is totally symmetric under the exchange of ^ and 

5. The total Yang-Mills theory with the GF+FP term ^gf+fp is (multiplica- 



tively) renormalizable, see and [|T^. In particular, the naive MA gauge 

(9) 



■^GF+FP — —i^B 



spoils the renormalizability. This is because the MA gauge is a nonlinear gauge. 
For the renormalizability of the Yang-Mills theory in the MA gauge, therefore, 
we need the four-ghost interaction from the beginning. In fact, the renor- 
malizability of the Yang-Mills theory in Abelian gauge supplemented with the 
four-ghost interaction was proved to all orders in perturbation theory |T^. 

In the following argument, thus, existence of both the BRST symmetry and the 
anti-BRST symmetry is essential. In this paper we discuss the possibility of the 
spontaneous breakdown of the BRST or anti-BRST symmetry due to ghost-anti- 
ghost condensation^ This type of condensation has been proposed recently |18,|l^ as 



a mechanism of providing the masses of off-diagonal gluons and off-diagonal ghosts 
in the Yang-Mills theory in the Maximally Abelian gauge. This mechanism can 
give an evidence of the infrared Abelian dominance ||2y], thereby justifies the dual 
superconductor picture of QCD vacuum for explaining quark confinement 0- 
|TB[. Finally, we discuss a relationship between the spontaneous breaking of BRST 
symmetry and the Gribov problem ||22||. 



2 Delbourgo— Jarvis and Baulieu— Thierry-Mieg gauge 

First, we examine an orthosymplectic 0S'p(4|l) invariant gauge fixing term proposed 
by Delbourgo-Jarvis and Baulieu-Thierry-Mieg (DJBT) 0,0. For the gauge group 
G = SU{N), it reads 

^ In this paper, we assume that the ghost number is not spontaneously broken, i.e., Qclphys) = 0, 
even if Qslphys) 7^ 0, or Q^lphys) 7^ 0. Therefore, we have for example (C x C) — = ((7 x C). 
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^GF+FP = iSb6b [^^,^^^^ - -^'^^^^j (A = 1, ■ ■ ■ , iV2 - 1). (10) 

By performing the BRST transformation explicitly, the GF+FP term is rewritten as 

+ . ^ _ ^g(^ X <^) ■ + -(^^(^ X ^) ■ (^ X ^) (11) 
2 2 8 

+ 1^ ■ ^ - |?^(^ x^)-^+ jg^ii't^ X <^) ■ (2^ X ^). (12) 
First, we examine the case of non-zero a. The GF+FP term can be recast into 

^GF+FP =^(^- X ^) + -d,^^)" - ^{d,^n' 

2 \ 2 a J 2a 

+ z^- a^^'^K]^ + ^/(z^ X ^) ■ (z^ X '^). (13) 



Although the NL field SS can be removed by performing the Gaussian integration, 
we retain it to discuss the breaking of BRST symmetry, since l^SS) could be an order 
parameter for the BRST symmetry breaking as shown shortly. (Note that in order 
to perform the integration over the NL field, we must shift the SS field. If the !^ field 
has a non- vanishing vacuum expectation value (VEV), this procedure is nontrivial.) 
We define the potential V{^) for the bosonic field J3§ by 

2 \ 2 a / 

This potential has an absolute minimum (maximum) for negative (positive) value of 
a at 



2 a 



igi"^ X <^) - -d^£/>'. (15) 



By keeping the Lorentz invariance, we have (=2/^) = and hence the vacuum state 
|0) obeys 

(0|^^|0) = ^(?(OK(^x^)^|0). (16) 

Suppose that the ghost-anti-ghost condensation occurs, 

(0|2(^x ^)^|0) ^0. (17) 

Then the NL field acquires the non-vanishing VEV and the spontaneous breaking 
of the BRST symmetry occurs, since 

(0|5s'^^|0) := {Q\{iQb, ^^}|0) = z(0|^^|0) = ^2^(0K(^ x ^)^|0) 7^ 0. (18) 
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In this case, the anti-BRST symmetry is also spontaneously broken simultaneously, 
since 



10) = -^^(0|^C^x<^y|0), 



where we have used 



(0|e^|0) = -{0\^\0) +ig{0\{^ X ^)\0). 



(19) 



(20) 



The Noether current for the BRST symmetry is obtained as J'^ = —^^^ ■ 6b^v + 
■ 6b^^ + id^'^ ■ ■ By making use of the equal-time canonical commutation 



relation for the anti-ghost, {%{QiQ€)^[x,t),C^[y,ty\ 
(O) is recovered as 



y), the relation 



(0|{zgB,^^(j/,t)}|0)= / d'x{0\{ij'^{x,t),^''{y,t)}\0)=i{0\^^{y,t)\0). (21) 



The similar expression is also obtained for the anti-BRST symmetry in agreement 
with (|1|). 

In order to determine whether such a ghost-anti-ghost condensation and the re- 
sulting spontaneous breakdown of BRST supersymmetry take place or not, it is im- 
portant to evaluate the effective potential for the composite operator i(^ x ^)^. For 
G = SU{2), the similar analysis to that performed in the paper leads to the total 
bosonic effective potential: 



a 



+ 



where the effective potential V{ip) of ip"" 



m 



327r- 



2ag' 

a/(0|2(^ X ^)^|0) is given by 



(22) 



In 



C 



(23) 



with a regularization-dependent constant C and the renormalization scale fi. It is 
easy to see that the potential V{ip) has stationary points for 



tp^ip^ = ipQ where (po = Airn'^e exp 



"9 (m) 



7r—'4^^ and 
Note that (po exhibits 

the pathological behavior for a < 0; cpo ^ oo as g I 0. Hence the ghost-anti-ghost 
condensation is meaningful only when a > 0. However, the total bosonic effective 
potential V{^, ip) does not have any absolute minimum for a > 0. Therefore, we 
can not conclude that either the BRST symmetry or the anti-BRST symmetry is 
spontaneously broken (Here note that we don't exclude the symmetry breaking due 
to other mechanisms). 

In the case of a = 0, this gauge is reduced to the Landau gauge in the Lorentz 
gauge fixing. In the gauge fixing of the Lorentz type, the GF-I-FP term is given by 



a 



^GF+FP = -iSb K ■ + 77 



a 



(24) 
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which reads 



1 .„\^ 1 



A \ a. / Aol 
The minimum or maximum of the potential of the NL field SS occurs at = 0, 
which implies (Ol^^^'^lO) = 0. Therefore, in the Lorentz gauge the spontaneous BRST 
symmetry breaking due to the mechanism mentioned above can not occur (at least in 
the tree level). The above result guarantees the conventional treatment of making use 
of the BRST symmetry in the Lorentz gauge, (up to the Gribov problem discussed 
in the final section). 

If a continuous symmetry is spontaneously broken, there appears a massless parti- 
cle called the Nambu-Goldstone particle, according to the Nambu-Goldstone theorem. 
Consequently, the ghost and anti-ghost could be identified as the Nambu-Goldstone 
particle and hence they should be massless. Although the above consideration can- 
not yield any result on the gluon mass, gluons are expected to be massive in this 
gauge at least in the pure gauge sector |^. This situation is in sharp contrast with 
the modified MA gauge in which the off-diagonal ghost as well as off-diagonal gluons 
become massive (in consistent with the infrared Abelian dominance) as argued in the 
paper 
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3 Modified MA gauge 

First of all, we decompose the gauge potential into the diagonal and off-diagonal 
components, s^^{x) = ^^{x)T'^ = a'^{x)T + A1{x)T'', where T e ^ and T" e 
^ — with M' being the Cartan subalgebra of the Lie algebra . For gauge 
fixing of off-diagonal components, we adopt the maximal Abelian (MA) gauge. The 
MA gauge is a nonlinear gauge, whereas the Lorentz gauge is a linear gauge. It 
is known [1^| that the introduction of the quartic ghost interaction is necessary to 



preserve the renormalizability of the Yang-Mills theory, since such an interaction 
is generated through radiative corrections even if the original Lagrangian does not 
involve such a term. In fact, the quartic ghost interaction can be introduced as a 
BRST exact form: 



■^GF+FP — ^^B 



L 2 J 2 4 



(26) 



By performing the BRST transformation explicitly, we obtain 



^GF+FP = B'^D^la^'A^'' + ^B'^B'^ 



+ ^g2fabe_^cde^a^b^c^d ^ C ^2 jabc pid (ji (jd ^ i g f'^bc^B'' C 

8 4 2 

- Cgr'"iB''C^C' + ^g2f<^bij^cdi^a^b(jc^d^_ ^27) 
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In particular, the SU{2) case is greatly simplified as (a, b,c,d = 1, 2) 



^GF+FP = B-D^[a]-'A^^' + ^B'^B'^ 



(28) 



However, the strength C of the quartic ghost self-interaction ^g'^ f'^^'^ f'^'^'^C'^C^C^C^ 
is arbitrary. Now we adopt the modified version of the MA gauge proposed by the 
author |1TT| , 



GF+FP 



16383 



(29) 



where a corresponds to the gauge fixing parameter for the off-diagonal components, 
since the explicit calculation of the anti-BRST transformation 83 yields 



GF+FP 



-id 



B 



a 



a 



(30) 



(The most general form of the MA gauge has been obtained by Hata and Niigata |2c 
In the modified MA gauge, the requirement of the orthosymplectic {OSp{4\2)) invari- 
ance yields the quartic ghost interaction and simultaneously determines the strength 
C as C = a- For G = SU{2), the modified MA gauge is further rewritten as 



^GF+FP = ^ ( 5" - c/e"^i(5^C=^ + -D''J'[a]A^'^ ) - -^(D^[a]"*A^ 



a 



ib\2 



2a 



+ iC''Df,[a]'''D^'[aY^C^ - ig'^e'"^e'*C''C^A^^A'l 



a 



4 



(31) 



In order to completely fix the gauge degrees of freedom, we must add the GF-I-FP 
term for the diagonal component to (|30|). If we adopt the gauge fixing condition 
of the Lorentz type, S'^a^ = for the diagonal components,^ the GF-I-FP term reads 



cy>diag 
■^GF+FP 



-l5 



B 



Ua^^ + ^B^ 



-d^d^'B' + ^B'B' - id^,c\D^'[A]c)\ (33) 



^Even for G = J7(l)", the GF-I-FP term is written in the manifest 05^(412) invariant form [|2| 



•^GF+FP — IObOb 



P. 



IC c 



(32) 
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We can rewrite it as 



gfIfp = f (^^ + ^d^^^) - ^(^"«/^)' - ^d.c^mAW (34) 
= ^{b^- '9{C X Cy + -^d^a^ - Yp{d^a,f - id,c\D^[A]c)\ (35) 

The potential for the off-diagonal NL field has a minimum (maximum) for 
negative (positive) value of a at 

= ge'^HC'C'^ - ^Df[a]A^^. (36) 

The vacuum |0) obeys 

(0|S"|0) = ^(0|e"^zC^C=^|0) - -^(Ole'W^'lO). (37) 

a ^ 

The ghost-anti-ghost condensation := (0|e"*iC'*C'^|0) 7^ will not occur ,0 because 
such a condensation leads to a non-zero VEV of and anti-ghost C"" is identified 
with the massless Nambu-Goldstone particle according to 

{OISbC^IO) := {0\{iQb,C''}\0) = i{0\B^\0). (38) 



This contradicts with the result ||T9| that the off-diagonal ghosts become massive due 
to ghost-anti-ghost condensation. The second term in the right-hand-side of (^) is 
also zero, because it is not invariant under the residual U(l) symmetry. Therefore, 
we conclude (0|S'^|0) = 0. 

Suppose that the ghost-anti-ghost condensation occurs in the sense 

■= {o\i(C X Cy\0) = (Olif'^CC^lO) ^ 0. (39) 

Then the anti-BRST symmetry is spontaneously broken, since 

{OISbC'IO) := {0\{iQb,C'}\0)=z{0\B'\0) 

= -i{0\B'\0) + ig{0\i{C X cy\0) ^ 0, (40) 

where we have assumed (0|i?*|0) = 0. 

It should be remarked that we have excluded a possibility that the diagonal 
NL field acquires a non-zero VEV in such a way that the non-zero value of 
(0|i?*|0) exactly cancels the ghost-anti-ghost condensation, g{0\i{C x Cy\0), lead- 
ing to (0|i?*|0) = 0. In this case, the BRST symmetry is spontaneously broken, 
whereas the anti-BRST symmetry remains unbroken. In fact, an arbitrary non-zero 
VEV, (0|i?*|0) 7^ leads to the spontaneous breakdown of the BRST symmetry as 

{0\SbC'\0) := {0\{iQb, = t{0\B^\0) ^ 0. (41) 



^This condensation is not invariant under the residual U{1) gauge symmetry. Hence, it is excluded 
in the previous treatment in which the residual U(l) is preserved. 
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This argument suggests that the BRST symmetry or the anti-BRST symmetry is 
spontaneously broken, if the condensation occurs, = {0\if^°'''C"'C^\0) ^ 0. 

Here we recall that the BRST charge Qb is a generator of the translation in 
the Grassmann coordinate 9, while the anti-BRST charge Qb is a generator of the 
translation in 9 in the superspace {x^,9,9) as shown by Bonora and Tonin 0]. The 
modified MA gauge fixing deals with the FP ghost and anti-ghost on equal footing. 
Therefore, it seems unnatural that only the anti-BRST symmetry is spontaneously 
broken, while the BRST symmetry remains unbroken and vice versa. The modified 
MA gauge has a hidden orthosymplectic symmetry OSp{4:\2), if a 7^ as demon- 
strated in |T^. Actually, if the orthosymplectic symmetry 0Sp{A\2) is not broken, we 



can rotate 9 to 9 and vice versa. This argument suggest that both BRST and anti- 
BRST symmetry can be spontaneously broken, if the ghost-anti-ghost condensation 
of the type (0|i/*"''C"C"'|0) 7^ takes place.^ 

An advantage of the spontaneous BRST supersymmetry breaking is as follows. 
The Nambu-Goldstone particle (fermion) associated with the spontaneous breaking 
of the BRST Qb or anti-BRST Qb symmetry is identified with the diagonal anti-ghost 
C* or diagonal ghost C*, respectively. Hence the diagonal ghost and anti-ghost are 
massless. This is consistent with the infrared Abelian dominance which is expected 
to be realized, if the off-diagonal components of gluons and ghosts become massive 
while the diagonal components remain massless. 

A disadvantage is as follows. If both BRST and anti-BRST symmetry are sponta- 
neously broken, the vacuum is not invariant under the BRST symmetry Qb\0) 7^ 0, 
Qb\0) 7^ 0, and we can not conclude the gauge parameter a independence of the 



vacuum-to- vacuum amplitude and the physical S matrix |jT^ (i.e., |f 7^ 0), since 



SZ 6 , , , 
da " Q^WOut\0;m} 



^ J d^x(0; out\dBSB (C"'(x)C"^(x)) |0; in) 



d^x{0;out\{QB,[QB,C''{x)C%x)]}\0;in) 
-i^ J d^x{0;out\{QB,[QB,C%x)C^{x)]}\0;tn). (42) 



Similarly, we find the gauge parameter (3 dependence as 
5Z 6 , , , 



^ I d^x{Q]out\5B {C\x)B\x)) |0;m) 

d^x(0; out\{iQB, C\x)B\x)}\Q] in). (43) 



^ By using the Noether current for the BRST symmetry and the equal-time canonical commu- 
tation relation for the anti-ghost, i.e., {tt^^{x, t), C'^{y, t)} = i5'^^6^{x — y), it is possible to show that 
{0\{iQB,&{y,t)}\0) = J d^x{0\{iJ%{x,t),C^{y,t)}\0) = i{0\B^\0). Here we have used the explicit 
form, = -S^f"" ■ 8b< + SS ■ SeJ^f" + id^"^ ■ Sb"^ ~ ige''''C''{dBA>''')C^ - ige''''C''{8Ba^')& - 
2ige''''C'^a^6BC^ ■ The similar result holds also for the anti-BRST symmetry. 
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Therefore, the Yang-Mills theories with different gauge parameters are different the- 
ories. The parameter a should be determined based on other arguments. As a way 
to determine the value of a, a could be chosen to sit on the fixed point of the renor- 



malization group as proposed in [|T^. 



Now we examine a simple case G = SU{2). The total bosonic effective potential 
is given by 

V{B, B\ ^) = V{^) - f + ^V^) - ^B'^B^ (44) 

where we have ommitted the index of the diagonal component, i.e., B = B^, (f = ip^ 
and V{(p) is given by |^ 

1 1 r / 1 \ ^ 

(45) 




Note that V{(f) has minima at non-zero values of (f, (p = ±(fo, for C > 0- Therefore, 
the spontaneous breakdown of the BRST or anti-BRST symmetry could happen, if 
C > and /3 < 0, since the total bosonic effective potential has an absolute minimum 
at non-zero value of 5 = —{Cd)^^^^- A simple way to avoid this situation is to take 
P > 0. If /3 > 0, even the non-zero condensation f ^ for C > does not leads to the 
spontaneous breakdown of the BRST symmetry, since it corresponds to the saddle 
point. However, C > ^ind a < can not be simultaneously realized if we impose 
the 0<S'p(4|2) invariance which postulates ( = a. Thus the modified MA gauge with 
OSp{4:\2) invariance does not cause the spontaneous breakdown of the BRST and the 
anti-BRST supersymemtry, at least based on the mechanism of ghost and anti-ghost 
condensation discussed above. 

On the other hand, another type of ghost-anti-ghost condensation 

(0|(C ■ C)off\0) := (0|5"^C"C^|0) ^ 0, (46) 

is possible to occur. However, it does not lead to the spontaneous breaking of BRST 
or anti-BRST symmetries. Therefore, if the situation 

(OlS'^^CC^lO) ^ 0, (0|f "''C^C'^IO) = 0, (47) 

is realized, we don't have any direct argument suggesting the breaking of BRST 
and/or anti-BRST symmetries. The diagonal condensation, {0\6°'^C°'C^\0) ^ 0, is 
enough for off-diagonal gluons and off-diagonal ghosts (and anti-ghost) to acquire 



their masses as shown in [|1^]. However, we lose a chance of explaining the ghost- 
anti-ghost condensation as a spontaneous breaking of a global symmetry SL{2, R) |jl8| 
which is shown to exist at least for the SU (2) Yang-Mills theory in the modified MA 
gauge. It is a dynamical problem to determine which case is actually realized in the 
Yang-Mills theory in the modified MA gauge. More systematic investigation will be 
given elsewhere. 

A basic ingredient of the above argument is the non- vanishing VEV of the compos- 
ite operator /*"^C"(x)C"'(x), i.e., (p' := (0|z/*"^C"C'''|0) ^ 0. Note that the composite 
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operator is not BRST invariant, 6b{P°'^C°'C^) 7^ 0. However, this does not imme- 
diately mean the breakdown of BRST symmetry. The BRST transformation does 
transform a field into a different field or a composite field. Therefore, the non-zero Lp 
does not necessarily mean the breaking of the BRST symmetry Qb- This situation 
is quite similar to the Higgs field in the Higgs-Kibble model <p{x) (The Higgs field 
is not BRST invariant. Nevertheless, it can have a non- vanishing VEV {(p) without 
breaking the BRST symmetry after the gauge fixing). This should be compared with 
the spin or scalar field models with global rotational symmetry (If the scalar has 
a non-vanishing VEV in a direction, the global rotational symmetry of the original 
Lagrangian is spontaneously broken). Finally, we consider an exceptional case in 
which the composite operator is written as a BRST transform of an operator 0, i.e., 
pabQaQb _ jf jg f^]^Q casc, the uou-zcro VEV leads to the spontaneous 

breakdown of the BRST symmetry. However, this situation is not realized for this 
operator. The reason is as follows. The composite operator written in the BRST ex- 
act form is BRST invariant, SBif^^C^C^) = SbSbO = due to nilpotency of BRST 
transformation. This result contradicts with the non BRST-invariance of the com- 
posite operator. Thus there does not exist an operator such that f^°-^C°'C^ = SbO- 
Thus this case is excluded. 



4 Comments on the Gribov problem 

In the rest of this paper, we discuss an implication of the above result to the Gri- 
bov problem. The models treated in this paper include quartic ghost self-interaction 
terms whose coefficients (strengths) are proportional to a. For non-zero a, there- 
fore, the integration of the ghost and anti-ghost field does not necessarily yield the 
conventional Faddeev-Popov determinant. For these models, thus, we can not find 
the exact relationship between the spontaneous breaking of BRST supersymmetry 
and the Gribov problem (i.e., existence of the zero eigenvalue of the operator in the 
Faddeev-Popov determinant), contrary to the conventional Lorentz type gauge which 
has been extensively discussed by Fujikawa [^]. However, this does not mean that 
the inclusion of quartic ghost interaction can avoid the Gribov problem. The quartic 
ghost interaction can be reduced to a bilinear form in the ghost and anit-ghost field 
by introducing the auxiliary field Lp. Then we encounter the Gribov problem even in 
the modified MA gauge, see |Q for details. 



In view of this, we recall the Witten index |25|. It is known that the vanishing 
of the Witten index, Tr[(-1)^] = Tr[exp(z7rQJ] = 0, is a necessary condition for 
spontaneous supersymmetry breaking (although it is not a sufficient condition). The 
regularized index 

Z(/5) := Tr(e-^^+'"«=) = STi{e~^") (48) 
is written in the Euclidean path integral as P^-pS| 



Z{p) ■= J W/,^^WW exp Ij^^drJ d?x^totW. ^] } , (49) 
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where periodic boundary conditions must be imposed on all the fields in Euchdean 
time r to avoid the exphcit breaking of the BRST supersymmetry (as emphasized by 
Fujikawa). After the BRST supersymmetry is spontaneously broken, we have more 
fermion than bosons with zero eigenvalues, then Z{(]) = 0. Before the spontaneous 
breaking, we have exactly degenerate eigen values for fermions and bosons and thus 
Z{(3) = 1. Thus, the spontaneous breakdown of BRST supersymmetry leads to the 
(extra) zero eigenvalue. 

If the Witten index is non-zero, the BRST symmetry is not spontaneously broken. 
As a result, the off-diagonal ghost condensation (^) is prohibited and the diagonal 
ghost condensation (^) can be allowed to be non-zero, which is necessary for the off- 
diagonal ghost and gluons to acquire non-zero masses. In view of these, it is desirable 
to calculate the Witten index precisely. 
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